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In the fall semester of 1994, we began testing a new approach to teaching special sections of Math 207, “Fundamental Concepts of Mathematics II.”  This is the second mathematics course required for our early childhood/elementary education majors.  Two of us—Drs. Weimer and Parks—taught sections of Math 207 that fall, and Dr. Jones added his section a year later.

In the past we all had used a standard textbook for Math 207.  We spent the major portion of time teaching geometric concepts (usually about five chapters) and a much smaller portion of time (about one chapter each) on probability, statistics, and computers (using BASIC and LOGO).  Each of us felt that the students in the traditional classes had not been fully involved in the learning of mathematics.  We believed that the students had been passive learners at best and non-learners at worst.  Therefore, our major goal for the “new” course was to get the students actively involved in constructing their own understanding of mathematics.

Facilitators of Learning

The two of us who pioneered the course decided to take a constructivist approach to teaching our sections.  We decided to do very little lecturing; instead, we would serve primarily as facilitators of learning.  During the summer of 1994, in conjunction with the MCTP program, we developed new course materials to support this approach.  (Later, when Dr. Jones observed our classes in action, he decided to join forces with us.)

When our first two Math 207 sections got under way, we took a new approach to responding to student questions.  We answered questions directly when appropriate, but more often we “answered a question with a question.”  We tried to aim the students’ inquiry in ways that would enable them to find their own answers.  Sometimes we would do a mini-lecture at the beginning of a project to set the stage, review, or provide background information.  At other times we would be prompted to give a mini-lecture during the project for clarification when several groups seemed to be struggling with the same concept.

Cooperative learning became our standard mode of operation.  Throughout the semester, students worked together to complete twelve class projects designed to actively engage them in learning the course content.  Working in groups of four, they constructed their own knowledge using a hands-on, laboratory approach to learning.  To demonstrate that they had learned the material involved in an activity, they were required to write a report explaining the major mathematical ideas developed within the context of the activity.

The students worked in pairs to produce the reports, and we required them to switch partners after completing two projects.  This allowed the students to experience different learning styles.  (One student commented that her partner approached problems by drawing pictures or diagrams while she approached problems algebraically.  She said she liked the visual approach and decided to try to use it more often.)

The “new” course materials we developed included much of the original mathematics content, but in a radically different format.  Each of the twelve projects included questions that asked students to investigate concepts by collecting and analyzing data.  Students were then required to justify and explain their answers.  All class time was devoted to the projects, each of which took approximately one week to complete.  In addition, in order to complete the projects, groups needed to meet outside of class to answer questions as well as write and type the final reports (one per group).  There were no tests; instead, the group project reports formed the basis of assessment.  Students were also involved in analyzing their thought processes by submitting e-mail journals at least once each week.

Time for a Change

While our first two sections were in full swing, Dr. Jones often stopped by the classes and couldn’t help but notice a major difference in the level of student interest and involvement.  Ultimately, he decided to join our efforts, adding a new section a year later.  Below, in his words, is a description of his evolution.

I have been teaching mathematics content courses for prospective elementary school teachers for over 25 years using somewhat traditional methods of instruction.  Although I have experienced a moderate degree of success in teaching Math 207 in the past, in recent years I had been haunted with some nagging reservations about how these future educators are being prepared to teach mathematics.

My typical format consisted of lecture for three weeks, interspersed with encouraged discussion (often unsuccessful), which was followed by the students’ cramming for the traditional timed examination.  This conventional approach seemed to be counterproductive with respect to motivating students to truly learn mathematics.

Furthermore, while a small minority of my students did respond with genuine interest in learning mathematics, the overall atmosphere in my classroom bordered on “siesta time.”  In short, the majority of my students were not being reached by the traditional methods from which I had learned so well as a student in a different era.  For me, the time was ripe for a change!

I became interested in the MCTP project after my colleagues shared some of their new experiences with me.  The constructivist approach to teaching sounded promising, especially on those occasions when I would walk by their classrooms and watch interested students working actively in groups.  I noted that these students were actually communicating with one another about mathematics and they appeared to enjoy the process (a far cry from my own typically apathetic spectator-type students).

When my colleagues first approached me about joining this constructivist experiment, I was a bit apprehensive.  I was concerned about the considerable content that might not be covered, about this new role of teacher as facilitator, about turning over more of the responsibility of learning to the students themselves, about forfeiting periodic timed examinations, and so on.  Yet, I knew all too well from the past the consequences of maintaining the status quo.  So, in spite of these lingering reservations, I decided to “jump in and get my feet wet.”

This move proved to be “a shot in the arm” for my teaching.  My entire focus in the classroom became dramatically changed with a stronger emphasis on student learning.  In the past, I would focus my thinking on the issue, “How can I (as a teacher) best explain a particular topic?”  Using the constructivist approach, I found myself asking, “How can I best provide an opportunity for significant student learning where discovery is encouraged and understanding is promoted?”  I began to acquire a new appreciation of what is sometimes referred to as the art of teaching.  My energies were redirected toward questions such as, “How much of a hint should be shared so that the student is not robbed of the discovery experience, and yet is not so completely discouraged with the feeling of batting his or head against the wall?”

Although our individual circumstances differ somewhat, much of Dr. Jones’ story can be considered “our” story, in that all three of us went through similar shifts in our thinking and in our approaches to teaching.

Circumference vs. Diameter: A Sample Activity

To follow is a description of the first activity that each of us used in our sections of Math 207.  In “Circumference vs. Diameter,” the students were asked at the outset to make a conjecture as to how the height of an ordinary tennis ball can compares with its circumference (see the Appendix for the activity).  This counterintuitive experience seemed to hook the students from the beginning.  Most students guess that the height is greater than the circumference, or those students who think that this is a trick question will say that the height and the circumference of the can are the same.  Rarely do students guess correctly.

This question, of course, is a good attention-getter for the first activity.  When students measured the can and found that their answer was incorrect, they discussed this finding within their groups.  They then proceeded to the next phases of the activity to see what further challenges lay ahead.  While it is true that our students had been informed about “pi” in their past studies, in this first activity they developed a first-hand understanding of how any circle’s diameter and circumference relate to each other.  Indeed, as in future activities, the students were able to come up with the formulas themselves.  Admittedly, this process took longer than our previous traditional approaches, but once our students were equipped with a stronger understanding of circles, they were able to effectively handle, on their own, deeper thought processes and applications of the topic.

Change is not easy.  Although the students found the projects interesting, they disliked writing out explanations.  They would much prefer to give a one-word or simple numerical answer to a problem than to explain how and why they came up with an answer.  More than one student has lamented, “I hate the word EXPLAIN.”  But since they are pre-service teachers, they know that explaining is an important skill for them to develop.  Many admit to having had poor experiences with mathematics in elementary school themselves and therefore know the value of a teacher’s understanding and answering questions clearly and precisely.

The difficult part for all of us was not giving students the answers directly or showing them the easy way to solve a problem.  We had to learn to be patient with their learning and to ask leading, yet judicious questions.  This was an adjustment both for us and for the students.  Students often look to their instructors for validation, approval, and an indication that they are on the right track when solving a problem.  We wanted our pre-service teachers to become independent learners and to be able to critically evaluate their conclusions.  

The following student comments, compiled from each of our classes, were written immediately following completion of the first activity:

I never realized exactly how circumference and diameter related, in all past classes, I had always just been told, diameter times pi equals circumference.  Without thinking about why this formula was true I never really understood it.  After seeing it, hearing it, touching it, and actively using it, I now understand it.

***

I think what challenges me most is taking the math from the equation type form and applying it to a problem in real life.  I have no problem computing things once I’m shown how to do that type of problem, but I really don’t know how to use it any other way.  I guess what I’m trying to say is that there is more to using math than what I recall being taught.

***

I like working hands-on.  Sometimes numbers and formulas seem so abstract, but when you have something like the tennis ball can that you can actually touch and feel it makes things easier to understand.

***

I am realizing that I learn a lot more when I work problems out for myself than having you [the instructor] tell me the answer even though it would be ten times faster.

***

I like the way you format the project in the form that questions lead to one another.  The questions were written in a manner that you had to think because the answer was not there in the question.  The project also is helping me become more comfortable with word problems.  The questions were challenging but not overwhelming.

Learning Together

Having the students work in cooperative groups appealed to all three of us.  We believed that the students would bring various skills and knowledge about mathematics to the groups and that by working together on a project they would be more inclined to participate.  We also hoped that by discussing mathematics with each other they would learn to rely upon themselves to decide if an answer made sense.  For most of the students, working in cooperative groups was a new experience.  The following are some student thoughts about their first experiences with partners:

I’m finding that I really like working with a partner.  When you are unsure of a question you always have someone there to help out.  I also have found that having a partner, it also helped my thinking process.  At one point during our discussion on the project I asked my partner a question.  She was unsure of the answer also.  But, to my surprise simply by verbalizing the question out loud I was able to find the answer myself.

***

Working with a partner helps me to remain focused because you know that another person is depending on you to help get the work done.  This is great practice in the area of responsibility.

***

In terms of working with a partner, I found it to be very challenging.  My partner and I go about things in very different ways.  For example, when we got stuck on a problem I wanted to skip it and move on, where she wanted to search through the book until she found an answer.

***

After doing this project I have discovered that I am capable of resolving a problem.  However, I find it difficult some of the time to explain why and how I did what I did to solve the problem.  I found this out when I worked with my partner.  I had to read the problem several times then answer it the way I thought might be right, then try to help her also understand the problem after I did.  This was good practice for me so I can become the best teacher possible.  I think that we should have the chance to work with everybody in the class so that we have the chance to learn and help each other better.

***

Using cooperative learning is a very good instructional tool for a mathematics class.  It helps me to be reassured and it builds my confidence by having someone to work with.  The first activity was very thought provoking, and required my partner and I to cooperate and share the work, while allowing each of us to learn from the other’s experience.

***

I have come to like working with different partners.  It is more challenging to learn about each person’s learning style, as well as various patterns of thinking.

Activity-Driven Ingenuity

Throughout the course we were sometimes discouraged with students’ lack of standard knowledge (i.e. the Pythagorean Theorem, how to solve simple equations, or the fact that 1 mile is equivalent to 5,280 feet), but in this kind of course the students’ thought processes are revealed and there is no place for them to hide.  On the other hand, we were often delightfully surprised at many students’ ingenuity in attacking problems.

For instance, we asked students to determine the maximum volume of a box that can be constructed from an ordinary sheet of paper by cutting squares of the same size from each corner.  Students were to construct various sizes of open boxes and look for patterns among the data.  One student quietly folded her paper twice and cut out one square from a corner, which magically multiplied in front of her partner’s eyes to four squares when the paper was unfolded and a box was formed.

In retrospect, we have no doubt that better learning did occur within this “activity-centered” classroom than within our past “teacher-centered” courses.  Although there may have been some sacrifice in the amount of content covered, the entire process involving student discoveries, peer interactions, individual journaling, oral communication, and written reporting provided a valuable multidimensional learning experience for our students.  

The Value of Journals

As the semester progressed, we learned along with the students.  During each period, we had the opportunity to interact with students as they interacted with their partners and sometimes within larger groups.  It was especially gratifying to witness the thought processes utilized by students as they communicated with one another.  We were also impressed with the weekly student journal entries describing their learning experiences, after which we attempted to offer appropriate written feedback.  Throughout the semester these journal writings displayed a variety of feelings about mathematics, but overall reflected that significant learning was occurring.  A sample of these student ponderings includes the following quotes:

This lesson is put together well and forces us to THINK about why things happen.  What we find in the activities are often counterintuitive, and this forces us to think through our answers a little more carefully.

***

I am beginning to lose some of the anxiety I first had about venturing into the unknown.  The labor involved in our pursuit is where the real learning occurs and this seems far more valuable to me as a future educator than merely obtaining the actual “answers” to this assignment.

***

Class is more fun, but it’s a lot more work.

***

I find that when I am forced to write about the mathematics we are doing that I gain a better understanding of the concepts we are learning.

***

I am beginning to think of my future as an elementary school teacher.  Already I have decided one goal of my career will be to teach math as a fun, interesting, and valuable subject that anyone can learn.  I really want to “breed” a generation of youngsters who like math and do not fear it.

On occasion, students did have legitimate concerns, which they were able to share with us through their journaling.  One problem in particular that surfaced in all of our classes is that of partner-shared responsibility.  One student writes:

I was a little disappointed with my partner during the second project we did together.  I felt she really didn’t do her share of the work.  The last part of the project was the most challenging and I was left to do it alone.  In certain cases like this one, when your partner doesn’t pull his/her share of the weight in helping with the project, it doesn’t seem quite fair that they receive an equal grade.

Although we have not completely resolved this issue, we feel that it is important for students to be able to privately describe their learning frustrations by way of their journals, and for us to be able to give suggestions on how they might go about trying to solve their problems.  We also point out that these problems exist not just in our current classroom, but that they will face problems of motivation, responsibility, and fairness in grading in their future teaching assignments as well.  The journaling process also provides a way of showing the students that we are listening to them and that we care about them as learners.

At the end of the semester, one student summarized her experience as follows:

I think that I really have learned a lot this semester.  I think that going into this class, I felt as if I really wouldn’t LEARN anything at all but I found that I did…. I learned new ways of approaching [the concepts] and how to work together with people to get to understanding those concepts.  

I also discovered how much more I learned from the report writing rather than the standard tests and quizzes that the student I tutor has.  She still doesn’t truly understand the concepts that she has learned because her way of explaining them is to take a test, whereas ours involves an understanding in order to complete an explanation.  These reports have also taught me to think before I write and to EXPLAIN myself more clearly.  I may understand what I am trying to write but the reader (or my future student) may not.  

Working with a partner was also helpful.  Although in the beginning, I was apprehensive about working with someone new every other week, I have found that working with a partner helps a lot because we both may be thinking of two different ways of doing something.  We can combine our ideas to make something better, or maybe just to solve a problem.

And most of all I liked the journal writing.  I think that it gave us another way of communication and it helped a lot with the solving of the problems in our reports.  Sometimes when I would write and ask a question, I would end up solving it in the way that I asked you.  I think it made us feel closer to you as a teacher, giving us a link that most students and teachers don’t have in their classroom.  

Basically, what I am trying to say is that this probably the most worthwhile class I have had here.  I was beginning to hate math in general until now.  I am now looking forward to taking other math classes for my concentration.

Looking Back

In reflecting on our experiences, we all admit they were most rewarding.  The most difficult part during the semester was learning not “to spill the beans” too quickly.  In the traditional classroom a “good” teacher will always answers questions clearly and succinctly for his/her students.  We had to learn how not to answer questions directly, but to gently guide our students to find their own answers without causing them so much frustration that they would have given up on the problem.

There was a major adjustment period for our students at the beginning of each semester.  Most of the students, even the good students, were dependent upon us to tell them if they were the problem correctly.  So even though the students worked in groups, they still wanted us to tell them if they were doing the activities correctly.  So we had to make sure we visited with all groups and that one or two groups could not be allowed to dominate our time.

We found that if we did our jobs correctly, our students would ask us different kinds of questions, and fewer questions towards the end of the semester.  They also learned to know when they were doing the problems correctly.

As mentioned earlier, we still have not solved the problem of all students contributing equally to each and every part of the projects.  When we were able to identify students who were not contributing, we paired them together for the next project.  That at least forced one of them (if not both) to become more involved.  However, we do believe that by using the activity-centered materials and requiring written reports, many more students were truly involved in learning mathematics—and in learning more mathematics—than in our traditional classes.  In a traditional teacher-centered class it is much easier for a student to hide because the teacher often does the majority of the work.

Finally, it was a wonderful experience to stand back and observe students making sense of mathematics for themselves.  There were many occasions when we could see “the light bulb turning on.”  In the “Circumference vs. Diameter” activity, many students were surprised to learn for themselves how pi was related to the circumference and diameter of a circle and how pi was then related to the slope of a line on the graph.  It was great to hear a student say, “Hey, that’s cool!” in a mathematics class.

Appendix

CIRCUMFERENCE vs. DIAMETER
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1.
How does the height of the can  compare to the circumference of the can? What is your conjecture?  Explain your reasoning.  

2.
Test your conjecture by measuring, and describe your process and result. How does this result compare with your original conjecture?  Explain.

3.
Choose five cans of different sizes and complete Table 1.  For each can, measure the diameter and circumference three times.

	Table 1

	Can
	Diameter
	Circumference

	
	Trial 1
	Trial 2
	Trial 3
	Average
	Trial 1
	Trial 2
	Trial 3
	Average

	1
	
	
	
	
	
	
	
	

	2
	
	
	
	
	
	
	
	

	3
	
	
	
	
	
	
	
	

	4
	
	
	
	
	
	
	
	

	5
	
	
	
	
	
	
	
	


4.
Why is it a good idea to measure the diameter and circumference three times and then take an average?  

5.    
Plot the diameter, D, on the horizontal axis and the circumference, C, on the vertical axis. Does it look like the best fit curve should be a straight line?  

6.
Should the best fit curve go through the origin?  Explain.

7.
Draw in the best fitting curve.  

8.     
What does the best-fitting curve represent, and how can it be used?

Comprehension Questions:
Use your graph to answer the next three questions.  For each, show your work 

using dotted lines on your graph.

9.
a.  If a circle has a diameter of 3 cm, what is its circumference?


b.  Did you use interpolation or extrapolation?

10.
a.  If a circle has a diameter of 7 cm, what is its circumference?


b.  Did you use interpolation or extrapolation?

11.
a.  If a circle has a circumference of 75 cm, what is its diameter?


b.  Did you use interpolation or extrapolation?

12.
From your curve find a formula relating variables C and D.  Explain your reasoning, including any constants used.  What do you think the exact value of the constant should be?

13.
For the three circles on the attached page, measure the circumference and diameter and add this information to Table 1.  Plot a new graph with all eight points.  Does the best-fitting curve change?  Explain.

For the next five problems, use your formula relating C and D with the exact constant to answer the questions.

14.
What is the diameter of a circle if the circumference is 117 cm?

15.
A tire on a bicycle has an inside diameter of 45 cm and an outside diameter of 52 cm.


a   What is the inner circumference?


b. What is the outer circumference?


c.  How far will the tire roll in two complete turns?


d.  If the distance from your home to school is 4000 meters, how many 


      revolutions will the wheel make?

16.
It takes 25 adults, arms outstretched, to surround a Redwood tree.  Approximate the tree's radius?  Explain how you arrived at this approximation.

17.
Which would have the larger circumference, a heavy copper cylinder that is 5 cm in diameter or a light plastic cylinder that is 5 cm in diameter?  Explain.

18.
The diameter of a large soup can is 4.5 inches.  Its height is 6 inches.  


a.  What shape did the label have before it was put on the can?


b.  What are the dimensions of the label if it covers the can?

19.
Return to the tennis ball problem. Without using measurements, provide some mathematical justification for your conjecture.

20.
a.  Construct a circle.


b.  Inscribe a square in your circle.


c.  Circumscribe a square about the circle.


d.  How do the perimeters of the two squares compare? Explain your reasoning.

21.
Refer to the large circle on the attached page.  Determine the length of the circle between any two successive small marks.  Explain what you did.

Critical Thought Questions:
22.
Is the circumference part of the circle?

23.
Is the diameter part of the circle?

24.
Is the center of a circle part of the circle?

25.
Define a circle, its circumference, diameter, radius, and center.

26.
a.  Define pi.


b.  Is pi equal to 22/7?  Explain.

27.
Can a straight line intersect a circle in one point, that point being the center of the circle?  Explain.
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