Issues in Multivariate Polynomial Interpolation

Carl de Boor
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Polynomial interpolation
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Multivariate polynomial interpolation

dimII<;(R*) =3 < 4 < 6 = dimI<y(R?)
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Multivariate polynomial interpolation

Now, even I1<5(R?) won’t do; need at least IT<3(R?).
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Multivariate polynomial interpolation

Basic Problem: Given a finite set T of data sites 7 in F%, how to choose a

space F' of polynomials so that, for every choice of data values
a=(a(t):7€T) e FT,
there is exactly one element f € F' that matches this information, i.e., satisfies

f(r) =al(r), TeT.

I.e., want F' to be correct for T. unisolvent, poised, regular, ... !
Fis R or C.
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Multivariate polynomial interpolation

Basic Problem: Given a finite set T of data sites 7 in Fd, how to choose a

space F' of polynomials so that, for every choice of data values
a=(a(t):T€T) € F',
there is exactly one element f € F' that matches this information, i.e., satisfies
f(1) = a(r), TeT.
I.e., want F' to be correct for T. unisolvent, poised, regular, ... !
Equivalently, want the linear map Fis R or C.
AN:ig— g € Ft

(of restriction to T) to be onto and 1-1 when restricted to F. Then

Pr:=(Mp) A g Y LoglT)

7T
is the linear projector that associates each g with its unique interpolant Prg

at T in I’ (and (Ajp) " is the corresponding Lagrange basis for F).
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Multivariate polynomial interpolation

Basic Problem: Given a finite set T of data sites 7 in FY, how to choose a

polynomial space F' correct for T.
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Multivariate polynomial interpolation

Basic Problem: Given a finite set T of data sites 7 in F¢, how to choose a

polynomial space F' correct for T.
One solution: least interpolation (dB+Amos Ron’88): Choose

F =TIy = %i_)rr%)EXp(hT)

with
Exp(T) := span{e, : 7 € T},

e, :xr—e T,

d
T ' = Z@x(g)
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space of formal power series: Ag := Flz]] :=={g = Zaezi g(a)()}

()% : FE S F:ge 2= 3;(1)@(1) .. .x(d)a(d)
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space of formal power series: Ag := F[[z]] :== {g = > cpa 9(a)()*}
+

O F¢ S F g 2% = $(1)a(1) . .x(d>a(d)

standard pairing: Ag X II: (g,p) — (9,p) :=>_, 9(a)alp(a)

al:=a(l)!---
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space of formal power series: Ag := F[[z]] := {g = > cpa 9(a)()*}
+

()a : ]Fd —F:z— 2% := x(l)a(l) .. .x(d>a(d)

standard pairing: Ag X II: (g,p) — (¢,p) == >, g(a)alp(«)

p(r) =) 7°Bla) = () (T%/ah)()*,p)

«
(. J
~~

T
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space of formal power series: A :=F[[z]] := {9 =>__cz¢ 9(a)()*}
+

0% F STz 2 = 2(1)°M ... g(d)*@

standard pairing: Ag X II: (g,p) — (¢,p) == >, g(a)alp(«)

p(r) =Y mpla) = (Y _T/a)()* ,p)

(0%
N J/
~~

T

> 7@/ala® = T /ol =) (r72)"/k! = exp(T7z) = e ()

k

o
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space of formal power series: A :=F[[z]] := {9 =>__cz¢ 9(a)()*}
+

0% F STz 2 = 2(1)°M ... g(d)*@

standard pairing: Ag X II: (g,p) — (¢,p) == >, g(a)alp(«)

p(r) =Y mpla) = (Y _T/a)()* ,p)

(0%
N J/
~~

f— e’T
F =1lp := limy_qExp(hT) Exp(T) :=span(e; : 7 € T)
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space of formal power series: Ag := F[[z]] :=

{9= Yz 9(0)07}

0% F STz 2 = 2(1)°M ... g(d)*@

standard pairing: Ag X II: (g,p) — (¢,p) == >, g(a)alp(«)

p(r) =Y mpla) = (Y _T/a)()* ,p)

(0%
N

7

F = HT = limh_@ EXp(hT)

g(hr) = Y gla)(h)* = B* Y gla)()®

k |la|=k

7

. gl¥]

"~

f— e’T
Exp(T) :=span(e; : 7 € T)

== a(l)+- -+ ald)
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space of formal power series: A :=F[[z]] := {9 =>__cz¢ 9(a)()*}
+

()a : ]Fd —F:z— 2% := $(1>0¢(1) .. .x(d>a(d)

standard pairing: Ag x II: (g,p) — (g,p) :=>_, g(a)a!p(a)

p(r) =Y mPla) = (Y T/a)()* ,p)

o
(. J
~~

f— e’T
F =1y := limy_Exp(hT) Exp(T) :=span(e; : 7 € T)

g(h) = Y Gla)(h-)* = K" Y Gla)()* = hordoglordsl 4 o(pords),

! k la|=k

Ve

—. glF]

limy, g g(h-)/ho*49 = glordal —. ¢ | ord g := min{|a] : g(a) # 0}

least form, initial form, ...
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space of formal power series: Ag := F[[z]] :== {g = > cpa 9(a)()*}
+

0% :F STz 2 = 2(1)°W ... g(d)*@

AN AN

standard pairing: Ay x IT: (¢,p) — (g,p) := >, d(a)a!p(a)

p(r) =) 7Bla) = (Y _(T%/a)()* ,p)

o

\ >4

~

f— eT
F =1IIr = limy,_Exp(hT) = Exp(T),, Exp(T) :=span(e, : 7 € T)

g = Zg[k] =g, + h.o.t.
k

Use Gram-Schmidt idea to derive, from the basis (e, : 7 € T) for Exp(T),
a basis B for Exp(T) for which (b,c|) = dp., b,c € B. Then, for any p,
Prp:=3 1cp(b,p)by €Ilt and Exp(T) L p— Prp, hence p = Prp on T.

Note: degb; > degp = (b,p) =0. Hence, deg Prp < degp.
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Multivariate polynomial interpolation

Basic Problem: Given a finite set T of data sites 7 in F¢, how to choose a

polynomial space F' correct for T.
One solution: least interpolation (dB+Amos Ron’88): Choose
F = It = }llin%) Exp(hT)

e [’ = Il provides an interpolant of least possible degree;
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Multivariate polynomial interpolation

Basic Problem: Given a finite set T of data sites 7 in F¢, how to choose a

polynomial space F' correct for T.
One solution: least interpolation (dB+Amos Ron’88): Choose

F = It = }llii%EXp(hT)

e [' = II1 provides an interpolant of least possible degree;

e [I1 reflects geometry of T; also, Il 74, = IIT, hence D-invariant;
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Multivariate polynomial interpolation

Basic Problem: Given a finite set T of data sites 7 in F¢, how to choose a

polynomial space F' correct for T.
One solution: least interpolation (dB+Amos Ron’88): Choose

F = It = }llii%EXp(hT)

e [' = II1 provides an interpolant of least possible degree;
e [T reflects geometry of T also, 111y, = IlT, hence D-invariant;

e [' = Il agrees with the standard choice for standard T

25



Multivariate polynomial interpolation

Basic Problem: Given a finite set T of data sites 7 in F¢, how to choose a

polynomial space F' correct for T.
One solution: least interpolation (dB+Amos Ron’88): Choose

F = It = }llii%EXp(hT)

e [' = II1 provides an interpolant of least possible degree;
e [T reflects geometry of T also, 111y, = IlT, hence D-invariant;
e [ = IIT agrees with the standard choice for standard T

e [I1 is monotone in T, spanned by homogeneous polynomials;
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Multivariate polynomial interpolation

Basic Problem: Given a finite set T of data sites 7 in F¢, how to choose a

polynomial space F' correct for T.
One solution: least interpolation (dB+Amos Ron’88): Choose

F = It = }llii%EXp(hT)

e [’ = Il provides an interpolant of least possible degree;

o II1 reflects geometry of T; also, Il 14, = II,T', hence D-invariant;
e [ = IIT agrees with the standard choice for standard T

e II1 is monotone in T, spanned by homogeneous polynomials;

e Il is easy to construct (by Gauss elimination by segments);
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Problem: T — Il is as continuous as possible but not more so.

V
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Problem: T — Il is as continuous as possible but not more so.
Problem: For given n, find a “smallest” subspace F' C II for which
F—F':f fir

is onto whenever #1T = n.
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Problem: T — Il is as continuous as possible but not more so.

Problem: For given n, find a “smallest” subspace F' C II for which
F-F': e JiT

is onto whenever #T = n.

Necessarily, dim ' > n (loss of Haar). However, F' = Il 1 will always work:

IT:pHZp(T) H ((77:__00)*(-—0) € Mo yr.

T7€T oc€T\1
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Problem: T — Il is as continuous as possible but not more so.

Problem: For given n, find a “smallest” subspace F' C II for which
F—F":fe fip

is onto whenever #T = n.

Necessarily, dim F' > n (loss of Haar). However, F' = Il »1 will always work:

Iipe e ] (r — o) (- — o) € Moy

7T oceT\7 <T N O-)*(T N O>

But It is far from “smallest”:

Example: d =2, #T =3
dimIles =6 > 4 =dim(I<; + span(()2° + ()°2))

\i%
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Next Problem: Given a correct pair (T, F'), how to represent the error

p— Prp =777
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Next Problem: Given a correct pair (T, F'), how to represent the error

p— Prp =777, pell
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Next Problem: Given a correct pair (T, F'), how to represent the error

p— Prp =777, pell

ker Pr ={p—Prp:pe€ll} ={qell: qr =0} =: ideal(T)

(the radical ideal with variety T), hence (fOI‘ a “good” F) hope for

with
e Br and {b:b¢c By} ‘nice’ generating sets for ideal(T),

AN

o le% a(l a(d
¢ b1(D) =3 0 _degs () D, pe = pt ... pad,
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Next Problem: Given a correct pair (T, F'), how to represent the error
p— Prp =777, pell

ker Pr ={p—Prp:pe€ll} ={qell: qr =0} =: ideal(T)

(the radical ideal with variety T), hel’lce (fOf a “gOOd” F) hOpe fOf

“good” F'?7 Would need that F' = Npep., kergT(D). Fortunately,

HT == ﬁbeBT ker ET (D) .
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Next Problem: Given a correct pair (T, F'), how to represent the error
p— Prp =777, pell
ker Pr = {p — Prp:pcll} ={qgecIl:qr =0} =: ideal(T)
(the radical ideal with variety T), hence (for a “good” F') hope for

p(x) - Prp(z) = 3 b(a) / My(z,-) 5 (D)p

For example, there is such a formula when [F = R and T is a natural lattice,
i.e., (Chung&Yao) the collection of all intersections of d hyperplanes from

a collection of hyperplanes in general position.

Sauer& Xu have a somewhat more complicated formula for any T correct

for 11« for some k.
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Next Problem: Given a correct pair (T, F'), how to represent the error
p— Prp =777, pell

{p—Prp:pell} ={qgecll: qr =0} =: ideal(T)

(the radical ideal with variety T), Nence (for a “good” F') hope for

Tensor product example:
T :=((&,n5) 19 =1m; j = 1mn)

TN

TM1




Next Problem: Given a correct pair (T, F'), how to represent the error
p— Prp =777, pell

{p—Prp:pell} ={qgell:qr =0} = ideal(T),

Hope for

Tensor product example:
- ((fiﬂ?j) 1 =1m; 9 = 1:n)

TMn

TM1

&1_1 —t t &'}m

p(z)— Prp(z) = | [(=(1) — &) /M1 )Dp+ | [ (a( nj)/Mz(:c,~)D3p

( J

Problem: What happens when, e.g., & — &£;417

12



Next Problem: What happens to Pp as T — X (with #T held constant)?
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Next Problem: What happens to Pr as T — X (with #T held constant)?

If Q) :=limr_.y Pr exists, it is an ideal projector, i.e., ker Q = ran(id — Q)

is an ideal.

Such () must satisfy the identity

Q(fg) =Q(fQg), [,gell

therefore (with f = 1), Qg = Q?g, hence Q is a projector, in particular
ker @ = ran(id — @), while Q(IT - (id — @)II) = {0}, i.e., ran(id — Q) is an

ideal.
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Next Problem: What happens to Py as T — X (with #7T held constant)?

If @ :=limr_.y Pr exists, it is an ideal projector, i.e., ker Q = ran(id — Q)
is an ideal.
Hence, @p matches, at each o € X, all derivatives of p of the form r(D)p,

r € R,, with each R, some D-invariant polynomial space.
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If @ :=limr_.y Pr exists, it is an ideal projector, i.e., ker Q = ran(id — Q)
is an ideal.
Hence @Qp matches, at each o € X, all derivatives of p of the form r(D)p,

r € R,, with each R, some D-invariant polynomial space.

Next Problem: Isideal interpolation Hermite interpolation, i.e., is every

ideal projector the limit of Lagrange projectors (in case F = C)?



Next Problem: What happens to Pr as T — X7

If @ :=limr_.y Pr exists, it is an ideal projector, i.e., ker Q = ran(id — Q)
is an ideal. Hence ()p matches, at each o € >, all derivatives of p of the form

r(D)g, r € R,, with each R, some D-invariant polynomial space.

Next Problem: Is ideal interpolation Hermite interpolation, i.e., is every

ideal projector the limit of Lagrange projectors (in case F = C)?

Boris Shekhtman, via Geir Ellingsrud: yes for d = 2, no for d > 2.

closely related question: Can any sequence (Mqy,..., My) of (complex-
valued) commuting matrices be approximated by such a sequence of diago-
nalizable ones?

yes for d = 2, no for d > 2.



Multivariate polynomial interpolation

mainstream Basic Problem: Given a polynomial space F', how to choose

a T correct for F'. Usually, look for k-correct T, i.e., I' = Il<; for some k.



Multivariate polynomial interpolation

mainstream Basic Problem: Given a polynomial space F', how to choose

a T correct for F'. Usually, look for k-correct T, i.e., F' = II<; for some &.

Chung-Yao’77 recipe: Choose T with dimll<; < #T so that, for each
7 € T, T\{7} lies in a union of < k hyperplanes that do not contain 7.
Such T is called a GCj-set (short for a set satisfying the Geometric

Conditions of degree k) and is k-correct.

E.g., Chung-Yao’s natural lattice.



Multivariate polynomial interpolation

mainstream Basic Problem: Given a polynomial space F', how to choose

a T correct for F'. Usually, look for k-correct T, i.e., I' = Il<; for some k.

Chung-Yao’77 recipe: Choose T with dimIl<; < #T so that, for each
7 € T, T\{7} lies in a union of < k hyperplanes that do not contain 7.
Such T is called a GCg-set (short for a set satisfying the Geometric

Conditions of degree k) and is k-correct.

Why does it work?

—. For each 7 € T, have a product of < k polynomials of degree 1 that

vanishes on T\ but not on 7.
—. < — F':p— pjt 1s onto, while dim <y < #T = dimFT.

—. Il — F': p pip is invertible. In particular, dim 1o, = #T.
< | <



Multivariate polynomial interpolation

mainstream Basic Problem: Given a polynomial space F', how to choose

a T correct for F'. Usually, look for k-correct T, i.e., I' = Il<; for some k.

Chung-Yao’77 recipe: Choose T with dimIl<; < #T so that, for each
7 € T, T\{7} lies in a union of < k hyperplanes that do not contain 7.
Such T is called a GCg-set (short for a set satisfying the Geometric
Conditions of degree k) and is k-correct.

Gasca et alii (e.g., Maeztu, Carnicer, Péna, Sauer, ...): thorough

study for d = 2 and much work for d > 2.



mainstream Basic Problem: Given a polynomial space F', how to choose

a T correct for F'. Usually, look for k-correct T, i.e., ' = II<; for some k.

Chung-Yao’77 recipe: Choose T with dimIl<; < #T so that, for each
7 € T, T\{7} lies in a union of < k hyperplanes that do not contain 7.
Such T is called a GCg-set (short for a set satisfying the Geometric
Conditions of degree k) and is k-correct.

(Bercolari’14) Radon’48 recipe: If P is (k—1)-correct and, for some
hyperplane H ¢ F/\P, ¥ is correct for II<x(H), then P U X is k-correct.

Lagrange vs Newton 77

Call a hyperplane H maximal for a k-correct T if TNH is correct for 1<, (H ).



mainstream Basic Problem: Given a polynomial space F', how to choose

a T correct for F'. Usually, look for k-correct T, i.e., ' = II<; for some k.

Chung-Yao’77 recipe: Choose T with dimIl<; < #T so that, for each
7 € T, T\{7} lies in a union of < k hyperplanes that do not contain 7.
Such T is called a GCg-set (short for a set satisfying the Geometric

Conditions of degree k) and is k-correct.
Call a hyperplane H maximal for a k-correct T if TNH is correct for II<;(H).
Gasca-Maeztu Conjecture (1982). Any bivariate GCy-set has at least

one maximal. (Proven for k <5)

Carnicer-Gasca. If, for some n, every bivariate GCg-set with k < n has

one maximal, then every such GCpg-set has at least three maximals.

d>2 777
FINIS



standard pairing: Ao x IL: (g,p) = (g,p) := >_, g(a)alp(a) = p(D)g(0)

[BR91-92] HT — ﬂp|T:0 ker}_?T (D)

Proof:

pr =20

Ll

Exp(T) L p

I L p (9,p) =0 = (g1,p1) =0
V{g € Ur} p1(D)g(0) =0

V{g € Ut} V{a} p1(D)D%g(0) =0

V{g € It} pi(D)g =0



standard pairing: Ao x IL: (g,p) — (g,p) := >_, g(a)alp(a) = p(D)g(0)
[BR91-92] HT — ﬂp|T:0 kerﬁT (D) = K.

Proof:
pr=0 == Exp(T)Lp
— It L p; (9,90 =0 = (g;,p;)=0
—  V{gellr} p;(D)g(0) =0
—  V{g € lIr} V{a} pr(D)D%g(0) =0
—  V{gelr} p;(D)g=0
Hence IIT C K.

dimIlr <oco = k:=max{degf: fellp} <0
= Wal=k+1} (0% =Pr()%)r =0"
— K C MNa|=k+1 ker D =1l<;, C II
Hence, g € K implies that I 5 p := g — Prg € K C kerp;(D), ie.,
p1(D)p =0, hence p =0, so g € Ilt.



